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ABSTRACT. Let u® be the Fefferman-Stein sharp function of u, and for 1 < r < oo,
let M,u be an appropriate version of the Hardy-Littlewood maximal function of u.
If A is a (not necessarily homogeneous) pseudodifferential operator of order 0, then
there is a constant ¢ > 0 such that the pointwise estimate (4u)*(x) < cM,u(x)
holds for all x € R™ and all Schwartz functions u. This estimate implies the
boundedness of O-order pseudodifferential operators on weighted L? spaces
whenever the weight function belongs to Muckenhoupt’s class 4,. Having estab-
lished this, we construct weighted Sobolev spaces of fractional order in R” and on
a compact manifold, prove a version of Sobolev’s theorem, and exhibit coercive
weighted estimates for elliptic pseudodifferential operators.

1. Introduction. In this paper, we prove boundedness results for pseudodifferen-
tial operators on weighted L? spaces. The methods are different from those which
have appeared in the literature and depend upon a pointwise estimate proved in
Theorem 2.8. Since this estimate does not rely on properties of weight functions, it
is of independent interest and may be of further use in discovering how pseudodif-
ferential operators preserve various classes of functions and their differentiability
properties.

If 1 <p < oo, a nonnegative function w belongs to 4,(R") if:

() w € Lin(R™);

(i)
L _i_ -/@e-1 )p_1
8‘3’( il g fr o)<
where the supremum is taken over all cubes Q in R”.

Coifman, Fefferman, Hunt, Muckenhoupt, and Wheeden have shown [2], [4], [6]
that a weight function w satisfies the 4, condition if and only if the Hardy-
Littlewood maximal operator or classical singular integral operators are bounded
on LP(R", w dx). Our boundedness results for pseudodifferential operators will
also apply to spaces with 4, weight functions.

We shall say that the function a(x, §) € C*(R" X R") is a symbol of order m if
it satisfies the estimates
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92 NICHOLAS MILLER

for all multi-indices a and 8. A symbol of order — oo is one which satisfies the
above estimates for each real number m. If a(x, §) is a symbol of order m, then it
defines a pseudodifferential operator 4, of order m, by the formula

Aux) = [ a(x @)™ dg

To begin with, 4 is defined only on the space of Schwartz functions, where the
Fourier transform # of the function u is given by

a(¢) = fR” u(x)e 2mx¢ dx.

That 4 can be extended to a larger class of functions is the main result of this
paper. Theorems 2.2 and 2.12 contain this result, which we summarize as:

Suppose 1 < p < oo. Fvery pseudodifferential operator of order 0 has a bounded
extension to L°(R", w dx) if and only if w € A,(R").

The necessity of the 4, condition is proved using a modification of an argument
by Coifman and Fefferman. The sufficiency is proved by controlling the pseudodif-
ferential operator with various versions of the Hardy-Littlewood maximal operator,
which appeared in [3]. With this goal in mind, we make the following definitions:

(@)
Mf(x) = the Hardy-Littlewood maximal function of f = sup é—l— f | f(¥)| oy,
Qo Q

the supremum being taken over all cubes Q containing x;

(b)
\/r
mfts) = sup 1 [ 1w )

the supremum being taken over all cubes Q containing x;

©
f*(x) = the dyadic maximal function of f = sup L f | f(»)| gy,
o 121J0

the supremum being taken over all dyadic cubes Q, with sides parallel to the axes,
containing x;

(d)
# —_ 1 —
75 = sup 157 [ U0) = fol &

where the supremum is taken over all cubes Q containing x, and f, is the average
value of f on the cube Q.

Note that f* enjoys many of the properties of the more usual maximal function
Mf; in particular, |f(x)| < f*(x) a.e., and the operator f— f* is bounded on
LP(R", w dx) whenever 1 <p < oo andw € A4,(R")[2].

In addition to all the foregoing maximal function machinery, the proof of the
main result requires the following pointwise estimate, which is the one mentioned
at the beginning of this introduction.
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THEOREM 2.8. Suppose 1 < r < oo, and let A be a pseudodifferential operator of
order 0. Then there is a constant ¢ > 0 such that the pointwise estimate (Au)*(x) <
cM,u(x) holds for all x € R" and all Schwartz functions u.

Armed with these two theorems, we then define weighted Sobolev spaces in R"
and prove the usual a priori estimates of elliptic differential operators. We also
formulate the 4, condition for a compact manifold without boundary and show
that the condition is invariant under coordinate changes. In the setting of a
manifold, further results are the construction of weighted Sobolev spaces of
fractional order, a version of Sobolev’s theorem, and coercive estimates for elliptic
pseudodifferential operators.

REMARK. Note that the theorem above has been proved for classical singular
integral operators by Cordoba and Fefferman [4 weighted norm inequality for
singular integrals, Studia Math. 57 (1976), 97-101]. Our theorem shows that the
method works for “variable coefficient” operators defined by nonhomogeneous
kernels and that these operators can be used to give painless constructions of
weighted Sobolev spaces.

2. L” estimates in R". Until further notice, | - ||, will denote the norm in the
space LP(R", w dx); w will always be a weight function of class 4,(R"). We shall
prove estimates of the form ||Au||, < c|lu||, for u a Schwartz function and 4 a
pseudodifferential operator of order 0. The next lemma shows that once this is
done, 4 can be defined as a bounded operator on L?(R", w dx).

LEMMA 2.1. &, the set of all Schwartz functions, is dense in LP(R", w dx),
1<p < oo

PrOOF. We first show that smooth functions with compact support are dense in
L?. Given fin L? and ¢ > 0, choose a continuous function g with compact support
such that || f — g||, <e&/2[8, Theorem 3.14].

Now let ¢ be a positive-valued C * function supported in the unit ball of R” with
total integral 1. Define

o, (x) =t "¢p(x/t) fort>0.
It is standard knowledge that

(@) ¢, * g € Cg°(R™) for all ¢+ > 0, and

(b) ¢, * g —> g, as t — 0, uniformly on compact subsets of R".

If K is a large ball containing the support of g in its interior, pick ¢ small enough
that

€ -1/p
s =+l <5 ([ wax)
Then

If =& *gl, <If — &llo +llg — ¢ =2,
<e/2+¢e/2 =g

this shows that C;°(R") is dense in LP(R", w dx).
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It remains only to show that & c LP(R", wdx). If w € A,(R™), then Lemma 1
of [4] implies that [gz. w(x)/(1 + |x|)* dx < oo for large enough k. Butif u € S,
then |u(x)| < C,/(1 + |x|)*/?, which proves the assertion in the first sentence of
this paragraph. [J

The A, condition is a necessary one for continuity of even the best-behaved
pseudodifferential operators; the proof of this fact is adapted from [2]. From now
on, if p is a real number between 1 and oo, p’ will denote its conjugate, the number
such that I/p + 1/p’ = 1.

THEOREM 2.2. Suppose w is a nonnegative locally integrable function whose zero-set
has Lebesgue measure 0. If every pseudodifferential operator of order — oo is
continuous on L?(R", w dx), then w € A,(R"), 1 <p < 0.

PrROOF. We first establish that w='/®~Y € LY(Q, dx) for any cube Q in R".
Suppose Q is a cube such that w™ /=D g LY(Q, dx); then w™'/7 ¢ LP(Q, dx),
and there is a function ¢ € L?(Q, dx) such that [, ¢w ™'/ dx = 0. Let ¢ =
ow /P, and let 7 € C{°(R") have the value 1 in the set Q — Q = {x — y:
x,y € Q}. The operator Tu = 7 * u is a pseudodifferential operator of order — oo
(its symbol, 7, is rapidly decreasing), and by hypothesis it is continuous on
LP(R", w dx). Now ¢ € LP(R", w dx), since ¢ is supported in Q, but Ty(x) = o
for almost all x € Q. This is impossible since w has a zero-set of Lebesgue measure
0. Hence w™ /=D & LY(Q, dx).

Having disposed of this preliminary step, we now show the necessity of the 4,
condition. Fix a cube Q of side length 4, and let Q' be an adjoining cube of the
same size. If x € Q and y € Q’, then |x — y| < 2Vn d. Suppose g € C°(R™),
g >0, and g(x) = 1/d" if |x| < 3Vn d. Again, f— f*g is a pseudodifferential
operator of order —oo sinceg € §.

If f > Ois supported in Q, then

1500 = [ f0)sx =0 > (157 . 10) a0

Hence,

@ ([ was)\igr i) < [ e war<cf puas

the last inequality being a consequence of the assumption on w.

Now let f =1 on Q to get [, wdx < Cf, wdx; interchanging Q and Q’, we
get o wdx < Cfgy wdkx.

Since w™!/?=Y € LP(Q, w dx) by the first part of the proof, we can now let
f= W_I/(P_])XQ'

1 1 ey ),, (.l_ w )(_1- ~1/6-1 ),,
(i, e e ) < (g v I

C o
<— | w/e-Ddx
o),



WEIGHTED SOBOLEV SPACES 95

by (2.3). Hence,

(l—é—lfgwdx)(ljllfgw_'/(”_') dx) <C. O

Having established the necessity of the 4, condition for boundedness of pseudo-
differential operators, we can now turn to the sufficiency of the condition.

LEMMA 2.4. Suppose 1 <p < oo. Let Y be a radial, decreasing, positive function
with total integral 1. Set y,(x) = t ~"Y(x/t). Then:

(i) Sup,s0 |f * %(x)| < Mf(x) for f € LP(R", w dx);

(ii) if Y has compact support, then f * Y(x) —> f(x), as t — 0, almost everywhere for
f € LP(R", w dx);

(iii) if ¢ has compact support, then | f=*y, — fll,—>0 as t >0, for all f €
LP(R", w dx).

PROOF. A proof of (i) can be found on page 63 of [9].

The proof of (ii) is adapted from page 64 of [9]. Let B be any ball in R", let B’ be
any other ball containing B in its interior, and let § be the distance from B to the
complement of B’. We shall show that if f € L?(R", w dx) then f * y,(x) > f(x) as
t —> 0 for almost every x € B. Then, by expanding B, we establish (ii) for almost
every x € R”.

Set f,(x) equal to f(x) if x € B’, and equal to O outside B’. Let f, = f — f,. Now,
f, € LY(R", dx) since

1/p 1/p
f If,] dx < (f L£,l? wdx) (f w1/@=1 dx) < .
B’ B’ B’

The last integral is finite since w ™'/~ is locally integrable.

Hence f, * {,(x) - fi(x) = f(x) as t -0 for almost every x € B by part (b) of
Theorem 2 on page 62 of [9].

To deal with f,, we note that if x € B, then

ot (0] < [ ¥lx = ML) &
< (f 150w &)

, 1/p’
([ w0 )
[x—y|>8
=0
for sufficiently small ¢, since ¢ has compact support. This completes the proof of
(ii).

Part (iii) is now easy, since |y, * f — f| < Mf + |f| by part (i). Since Mf €
L?(R", w dx) [2], Lebesgue’s dominated convergence theorem and (ii) at once yield
a proof of (iii). [

Now we can use the Hardy-Littlewood maximal operator to dominate any
pseudodifferential operator of order — 0.
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THEOREM 2.5. Suppose A is a pseudodifferential operator of order — oo, and suppose
1 <r < oo. Then there exists a constant ¢ > 0 such that for all x° € R" and all
UES,

(Au)*(x°) < eM,u(x).

Proof. If a(x, §) is the symbol of A4, then for any real number m, and any
multi-indices a and S,

3\ 9\°
(56 (5) a0
We can therefore write the operator as follows: for any Schwartz function wu,

Au(x) = [ a@®)a(x, 9em<t dt = [ w(»K(x, x - y) &,

< Copm(l + 1ED™.

where

K(x.y) = [ a(x, e dt.

Note that for fixed x, K(x, y), as a function of y, lies in & . In fact,

= Gl [ atx, 0875 ) e dg}

< Cof |(3g) Tt 07

(integration by parts)

y“(%)ﬁ K(x,y)

d¢

47

< Copr

with C,, independent of x and y. The rapid decrease in § of a(x, ) justifies the
differentiation under the integral sign and the integrations by parts in the calcula-
tion above. Hence,

a 0 “
Y (a_y) K(xvy) < Caﬂ'

sup
X,y

Now choose an integer k > n. By the previous discussion, there is a constant
C, > O such that

|K(x, )| <C/ (1 + ly])*  for all x.
Then
| u(x)| < [ |u()] [K(x, x = )| &b
|lu(»)|
C, | ——— dy < C,Mu(x),
J (1+|x = y)* M)
by an application of Lemma 2.4.

Suppose that x° is any point in R”, that Q is a cube containing x° in its interior,
and that Q has diameter d and center x’. Let 1 € Cg°(R") satisfy 0 < 7(x) < 1, be
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1 when |x — x’| < 2d, and vanish when |x — x’| > 3d. We have

1 2
o fQ |4u(x) = (Au)o| dx < 75 fQ |Au(x)| dx

2 2
< I_QTfQ |4 (ru)| dx + @fg |A((1 = 7)u)| dx.

Let Q’ be the cube centered at x’, with sides parallel to those of Q, and with
diameter 4d. Since the Hardy-Littlewood maximal operator is bounded on
L’(R", dx) for 1 < r < oo, we can control the first term in the inequality above as
follows:

]_éTL |[A(Tu)| dx < 2(%][ A ()| dx)l/r

(IQIf | M)l d")/ <Cr(|_é|fn|‘m|’dx)l/r

1/r
<Cl| 5 u'dx) < C, M, u(x°).
(IQIfQ'II )

To dominate the other term, we first note that there is a constant ¢ > 0 such that
[x° — y| < ¢|x — y| for all x € Q and y such that |x’ — y| > 2d. The constant c is
independent of x, y, and the cube Q. So,

2 2
TQ_I'/‘Q IA((I - 'T)u)l dx =—I—Q—|_—/‘Qlf (1 — 'r(y))u(y)K(x,x _y)dy dx

G

1
o Ly T S Y

< C Iu(y)l p
R (1 + |x° = y])
< cMu(x® (by Lemma 2.4)

< cM u(x°).
We have showed that

I%I fQ |4u(x) — (Au)g| dx < cM,u(x°).

Taking the supremum of the left side over all cubes Q containing x° we find that
(Au)*(x%) < cMu(x%. O

COROLLARY 2.6. A pseudodifferential operator A, of order — o, has a bounded
extension to L(R", w dx) whenever w € A,(R") and 1 <p < co.

PROOF. In the course of proving the last theorem, we showed that |4u(x)| <
cMu(x) for all x € R" and u € S. The constant c is independent of x and u. Since
S is dense in L?(R", w dx) (Lemma 2.1), and the maximal operator is bounded on
L?(R", w dx) [2, Theorem IJ, the conclusion of the corollary follows immediately.
O
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Dealing with operators of order 0 will require a much more delicate touch than
in the previous theorem; however, the variants of the maximal function defined in
the Introduction together with ever-reliable integration by parts will save the day.

We shall use f# to control f*; the next lemma makes this possible.

LEMMA 2.7. There is a constant ¢ > 0 such that || f*||, < clf®
LP(R", wdx) n L'(R", dx).

, for all f €

ProoF. Fefferman and Stein prove this as Theorem 5 of [3] for the case
w(x) = 1. Their proof relies on the fact thatw € 4 ; since 4, C 4, [2, Lemma 3],
we can use their proof in our own situation. []

We are ready to prove the pointwise result mentioned in the Introduction.

THEOREM 2.8. Suppose 1 < r < oo, and let A be a pseudodifferential operator of
order 0. Then there is a constant ¢ > 0 such that the pointwise estimate (Au)*(x° <
cM, u(x®) holds for all x° € R" and all u € §.

ProOF. Given x° € R", we let Q be a cube containing x° with center x’ and
diameter d. As in Theorem 2.5, we also let 7 € C3°(R") satisfy 0 < 7(x) < 1, be 1
when |x — x’| < 2d, and vanish when |x — x| > 3d. Then foru € §,

1 2
— | |Au(x) — (Au)g| dx < — | |A(7u)| dx
o7 J, 1Aux) = (Aol s < 150 [ 1A
1
+— A1 — 1u)(x) — (4((1 — 7)u dx.
o1 J, 14U = D) = (41 = o
Letting Q' be as in Theorem 2.5, we can dominate the first term in the inequality

above by recalling that pseudodifferential operators of order 0 are bounded on
L"(R", dx) when 1 <r < oo [5]:

%fg |[A(Tu)| dx < 2(%Q|fg ]A(‘ru)|'dx)l/’ < c(l—é—l fR |m|’dx)

1 , )'/’ (x0
<cl =7 u| dx < cMou(x®).
(g1, 1 )

1/r

To deal with the second term, we simplify notation, writing « for (1 — 7)u, and
we assume that # has support in the set {x: |[x — x| > 2d}. We must estimate the
quantity (1/Q)/ o |Au(x) — (Au),| dx.

For now, we shall also assume that a(x, £), the symbol of 4, has compact
¢-support. The various constants that occur in the following argument will not
depend on the support of a; at the end we show how to dispense with the
assumption on the support of a.

We begin by decomposing the operator A into a sum of simpler operators.
Standard techniques allow us to construct a nonnegative, radial, C* function ¢,
whose support is contained in the set {£: 3 < ¢ < 2}, and which satisfies

i i o 1 ifjg >1,
2,079 {0 iffel <.
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Now we can write

Au(x) =f a(&)a(x, §)e*™* d¢

=f a(§)a(x, £)(1 - § ¢(2—j§))e2mx-g dt

Jj=0

S —J§)e2mi(x—r)é
+ 2 [ u0) [ alx. 9927 dt dy

= Bu(x) + '?o Aju(x).

B is a pseudodifferential operator whose symbol is a(x, §)(1 — 2720 ¢(2 ~J¢)); the
¢-support of this symbol is always contained in the set {£: |£ < 1}. Hence B has
order — oo, and (Bu)*(x% < cM_ u(x® by Theorem 2.5. Since

(Aw)*(x%) < (Bu)*(x%) + ( S A,.u)#(x°)
Jj=0

< cMu(x%) + ( § Aj“)#(xo)’

Jj=0

the next task is to examine the operators 4;.
4u(x) = [ u(y) [ alx, RIS d dy.
The following lemma allows us to control the inner integral.

LEMMA 2.9. Let q(x, £) be a symbol of order m, and suppose ¢ € C;°(R") has

support in {§: 3 < |§| < 2}. If t > O, then there is a constant c, > 0 such that the
inequality

H] [ 9, D878t de] < qimrm=o

holds for all x and y in R" and every integer j > O.

ProOF. Suppose first that 7 is a nonnegative integer. Letting

Y| = max{|y,|: 1 <i <n},
we have

| [ atx, D9/ de| =

[ . 0278)( 5 ) e ae

(where |y, = |y|)
(2.10) )
<qf ‘(g) [a(x, D92 79)]

(integration by parts).

d¢
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3 o[ e[ e

< 3 1+

r+s=t

(since the support of the expression above lies in {£: 27! < |¢| < 2/*1})
< cYma,
Substituting this estimate into (2.10) and integrating over the region {¢: 2/7! <
|é] < 2/*'} yields the desired inequality.
If + > 0 is not an integer, say { <t <i + 1, with / an integer, then we can

interpolate between the inequalities foriandi + 1. [J
Returning to the proof of the theorem, we now estimate (72, 4; u)#(xo).

T(lfl fQ | Aju(x) — (Au) 5| dx
= L’lélj;Aju(x) — Aju(z) dz| dx

= w1k, f w0 [, #07

~[a(x, g)ehi(x—y)'f - a(z, g)ebri(z—y)-f] d¢ dy dz’ dx

(2.11)

To estimate this last quantity, we consider two cases:
Case 1. 2d > 1. Then (2.11) is dominated by

~ 2mi(x - y)§
2 2] IQIf Lkd<|y <2+ u()’)l‘f"qb@ fa(x, £)e y dg‘ dy dx

u\)y
<C 2 f f 1 )n|+l |
|Qk Zd<|y—x|<2%*ld |x — y|

. f (2 78)a(x, £)em - gg
RII
(Qk is the cube with center x’, sides parallel to those of Q, and radius 2¥*'d )
<CY d2*(2kd)™" 12 u
S a0 o [ )| b

(by Lemma 2.9 witht = n + 1andm=0)

x — y|n+1

dy dx

o0
< CMu(x®) Y d-127k2~/
k=1

< Cd ™27 Mu(x°).
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Case 2. 27d < 1. We write
alx, 9 — a(z, 9= 5 (5= ) [ L (x(1), PO

+2miga(x(1), §)e2”‘("(') —é gy,

where x(f) = z + t(x — 2).

Using this last expression and the facts:

(a) da/9x, is a symbol of order 0;

(b) {,a(x, §) is a symbol of order 1;

(©) |x, — z;| < d since both x and z are in Q; and

(d) if 2%d < |y — x'| < 2¥*1d, then 2¥~'d < |x(¢) — y| < 2¥*%d since x(f) € Q,
we can invoke Lemma 2.9 with m =0 or 1, and r = n + 3 to see that (2.11) is
dominated by

o u(y)|
cop S LS [ |
xc0 kgl |Q| 0 J*a<|y—x|<2k*a Iy _ xr|n+l/2

3 bl et =y
( f ¢(2‘f§)[—(x(t) £) et -»r¢

+2mita(x(t), g)ez"“x(')—y)-f] dt| dt dy dz

o0
<C S 2 [ u(y)| b dn(ta) Va4 2P
k=1 |Qk| Ok

o0
< CMu(x%)d'/?/2 Y 27k/2
k=1
< Cd'/*2/*Mu(x°).

Putting the two cases together, we have shown that if Q is any cube containing
0
x°, then

1
o),

§ Aju(x) — (2 Au)
Jj=0 j=0

dx < § ]—éTj;z |4;u(x) — (Aju) | dx

Jj=0

c( S da v+ ¥ d'/22f/2)Mu(x°).
2d>1 2d<1

Since the quantity in parentheses above is finite and independent of d, we find,
after taking the supremum over all cubes Q containing x°, that

( § Aju)#(xo) < cMu(x%) < cM,u(x°).
j=0
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Going back to our original notation, and summarizing, we have shown that if Q
is any cube containing x°, then

101 Jo 14409 = (4] de < (A(r)" (x5)+ (B((1 = 1)) (=)

" (§ A1~ f)u>) (x)

j=0
< eMu(x°%) + eM((1 — 1)u)(x°)
< M u(x°),

the constant ¢ being independent of Q, u, x°, and the §-support of a(x, £).

We have been working under the assumption that a(x, £), the symbol of 4, has
compact £-support. Suppose now that this is no longer so. Let b(x, §) be a(x, §)
multiplied by a smooth cutoff function which is 1 when |¢§| < 2/ and 0 when
|¢§] > 2/*'. Let B; be the pseudodifferential operator whose symbol is b(x, £). Since
b(x, §) > a(x, §) as j— oo, the dominated convergence theorem implies that

Bju(x) - Au(x) for all x. Another application of the dominated convergence
theorem shows that for each cube Q,

1 1
@fg |Bju(x) - (Bju)Q| dx A@fg |Au(x) — (Au)g| dx.

Applying our previous result to the operators B;, and taking the limit as j — oo,
we see that

|—é|fQ |du(x) — (Au)g| dx < cM,u(x°).

When we take the supremum of the left side over all cubes containing x%, we finally
obtain the inequality

(Au)*(x°) < eMu(x°%). O

We are now ready to prove a basic result about pseudodifferential operators.

THEOREM 2.12. If 1 <p < oo and w € A,(R"), then any pseudodifferential opera-
tor of order 0 has a bounded extension to all of L°(R", w dx).

PrOOF. Let 4 be a pseudodifferential operator of order 0. The proof that A4 is
bounded depends on the following train of inequalities: if ¥ € & then

| 4ull, <[[(4w)*[» < C||(A)7],
<C|Mu, f1<r<oo
<Clull, if1<r<p.

The first inequality is easy, since |4u(x)| < (Au)*(x) for every x. Since Au € S,
Au € LP(R", wdx) 0 L'(R", dx); so we can apply Lemma 2.7 to prove the
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second inequality. The third inequality is Theorem 2.8, while the last inequality is
proved like this:

I8l = [ Mut)] ], = ([ [MQuD]7" w dx)‘/"

» /p
<C(f || wdx) sincep/r > 1

= Cllul,-
Since & is dense in L?(R", w dx), we can now extend A to a bounded operator
on LP(R", wdx). [

3. Weighted Sobolev spaces in R". In this section we shall introduce the weighted
Sobolev spaces LP(R", w dx). It will transpire that many of the properties of the
traditional unweighted spaces are still true in the weighted case; in particular, we
can identify the space LP(R", wdx) (k a positive integer) with the space of
functions in L?(R", w dx) whose distributional derivatives of all orders < k lie in
LP(R", w dx), and we can prove a version of Sobolev’s theorem.

If s is any real number, we write J* for the pseudodifferential operator of order
— s whose symbol is (1 + 472¢[>)~*/2. Clearly, J* can be defined as a map of
tempered distributions to tempered distributions; we also point out that if w €
A,(R"), then functions in LP(R", w dx) are tempered distributions. We define
LP(R", w dx), the Sobolev space of order s, as the image of L°(R", w dx) under the
map J°; i.e., LF(R", wdx) = J°(LP(R", w dx)). If f € LPF(R", w dx), then f = J%g
for some g € L?(R", w dx). We write the LF-norm of f as || f||,,, and define it to
be the L”-norm of its preimage g. So || f||,,, = || g|l, whenever f = J’g.

The following facts about the L’ are easy consequences of the definitions.

(a) Since J° is an invertible elliptic pseudodifferential operator, the definition of
the norm on L?(R", w dx) is unambiguous; i.e., if J°g, = J°g, then g, = g,.

() If s > 0, then LP(R", w dx) is a subspace of LP(R", w dx), since J* is a
pseudodifferential operator of order 0.

(c) For allreal s and t, J°J' = J**°.

(d) For all real s, J* is an isomorphism of & to & and of &’ to S’; furthermore,
S is dense in LF(R", w dx).

(e) For all real s and ¢, J* is a norm-preserving isomorphism of L?(R", w dx) to
L?, (R", w dx).

(f) The spaces L?(R", w dx) are Banach spaces.

(8) If s > ¢ then LP(R", w dx) C LF(R", w dx), and || f||,,, < C, I fll

That pseudodifferential operators behave correctly on Sobolev spaces is the
content of the next two theorems.

THEOREM 3.1. Suppose A is a pseudodifferential operator of order m. Then A is a
bounded map from LF(R", w dx) to Lf_,(R", w dx).

ProOF. We can write A = J*~"(J ~**"4J*)J ~*.J ~* maps L} to L?; J ~**m4J*
is a pseudodifferential operator of order 0, and therefore maps L? to L?; finally,
J* ™ maps L? to L?_,. [J
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THEOREM 3.2. Let 0 < m < s and suppose that A is an elliptic pseudodifferential
operator of order m. Then there is a constant ¢, > 0 such that

Mles < A4S llps—m + Ifll,0)  f € LY.

PRrOOF. Since A4 is elliptic, we can find an elliptic operator B, of order —m, and
an operator R, of order — oo, such that I, the identity operator, can be written
I = BA + R. Theorem 3.1 then shows that

Mlp.s =I(BA + R)flp.s <|[BAfp.s + || RAlps
< (| 4lps—m + Hlro)- O

The expected identification theorem is also true.

THEOREM 3.3. Suppose k is a positive integer and 1 <p < oo. The space
LP(R", w dx) is identical to the subspace of functions in L°(R", w dx) whose distribu-
tional derivatives of all orders < k lie in LP(R", w dx). Furthermore, the norms
1 fll px and 2,4 <k 1(3/3x)f||, are equivalent.

PROOF. We can use the same proof as Theorem 7 of [1], if we keep in mind that
(3/0x)J* is a pseudodifferential operator of order 0, and hence bounded on
LP(R", w dx) whenever |a| < k. []

As in the unweighted case, the weighted Sobolev spaces can be used to compare
the size of the distributional derivatives of a function and its degree of smoothness.
The following is a weak form of Sobolev’s theorem.

THEOREM 3.4. Suppose that w € A, (R") for some q satisfying 1 <q <
p(n — 1)/n. If k > nq/p, then every function in L{(R", w dx) can be modified on
a set of measure 0 so that the resulting function is continuous.

Proor. Fix f € LP(R", w dx), and suppose that f = J*g, with g € LP(R", w dx).
Let { g,} be a sequence in S such that g, — g in L’(R", w dx) (Lemma 2.1), and
let f, = J*g,. If |a| < k, then (3/3x)%J* is a pseudodifferential operator of order 0;

consequently,
d \° d\“« a \* 3 \*
(ae) = (52) 7= (55) 2= (5)

the limit being taken in L?(R", w dx). So f, — fin L{(R", w dx) by Theorem 3.3.

Since nq/p < n — 1, we can assume, by decreasing k if necessary, that k is an
integer and that ng/p < k < n — 1. Let K be any compact set. If ¢ is a function in
Cs°(R™) which is identically 1 on X it is clearly enough to prove the theorem for
¢f. Since the sequence {f,} approximates f in L{(R", w dx), the sequence {¢f,}
approximates ¢f.

Now choose R large enough that if K| is the support of ¢, then the set K; — K is
contained in the ball of radius R about the origin. If x € K, we use identity (18) on
page 125 of [9] repeatedly to write

[f(x) = filx)] =|$(x)(f(x) = £(x))|
ces P16 -]

R P rgrgx - xg(x),
al=k
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where there are k repetitions of g(x) = |x|"*'. By Lemma 2 on page 117 of [9],
g*g* - +g(x)= C|x|™"**  (k repetitions of g).
Hence,

9 = f .
)~ sl < € 3 —[igf;a—f)](x—wl I

al=k Y|y|<R

*[e(f — )]

dx“

<C Y

1/p
([ o= emmpppmeer )7
la|=k p\7|y|<R
If we can show that the second factor on the right side of the last inequality is
bounded independently of x € KX, it will follow that the { f,} converge uniformly
on K, and therefore that f is continuous on K. Therefore, let ¢ be as in the
statement of the theorem, and set r = (p — 1)/(g — 1). Since r > 1, we can apply

Holder’s inequality to the integral in question to find that

[ wa =) VeI gy
IyI<R

a1 1/r 1/r
< (f w(y) "/ )dy) (f |y| -+ op/ =) dy) .
|yI<3R |y|<R

Since w € 4,(R"), the first integral on the right side is finite. The second integral is
finite since (—n + k)p/(p — q¢) > -n. [

ExAMPLE 3.5. Suppose ¢ > 1, and let —n <t < n(q — 1). It is well known that
| x| is in A,(R"™), and hence in 4,(R"), for all p > g. Now choose p > ng/(n — 1).
By Theorem 3.4, every function in L?_(R", |x|' dx) is actually continuous.

4. Weighted Sobolev spaces on manifolds. We can now transfer the results of the
preceding sections to a compact manifold without boundary. This requires that we
localize the previous results to bounded open subsets of R”. If U and ¥V are two
open subsets of R”, the notation U cC V will mean that the closure of U is
compact and contained inside V.

Suppose U is a bounded open subset of R”. The function w is said to belong to
A,U) if

(i) w is nonnegative and integrable over every compact subset of U;

(ii) for every open set U’ cC U, there is a constant C, which may depend on U’,

such that
1 1 p-1
— | wdx)|l — [ wV/e-D dx) <C
(|Q|'[Q )(|Q|fQ

whenever Q is a cube contained in U’. The constant C will be called the 4,
constant for U’.

The next lemma shows that the 4, condition is invariant under coordinate
changes.

LEMMA 4.1. Suppose U and V are bounded open sets in R", and y: U— V is a
diffeomorphism. If w € A, (V') then w ° ¢ € A,(U).
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ProOF. Suppose U’ cc U; then V' = y(U’) cc V. Using x to denote the
coordinates in U, and y to denote the coordinates in ¥, we have x = ¢ ~!(y) and
dx = |y~ (y)|dy, where Jy ! is the Jacobian determinant of ¢ ~'. Let ¥” be an
open set such that V' cc V" cc V. The following list of constants will be used in
the remainder of the proof:

b = sup(|y~'W):y € V),

8 = the distance from V' to the complement of V",

= the A, constant for V",

k = sup{|Dy(x)|: x € U’}, where Dy is the differential of .

Now suppose S is a cube in U’ with center x° and side length 2r, with r < §/kn.
If x is any point in S, then

[¥(x) — ¥(x%)| < k|x — x° for the Mean Value Theorem

<krVn <8/Vn .
Hence y(S) is contained inside any cube with center ¥(x® and side length
2kVn r, and any such cube lies entirely inside ¥”. Let Q be such a cube in V”.
Then

(IT;TISW ° Y(x) dx)(l—;,lfsw o y(x)” V@D dx)p_l

b(2kVn )" y b(2kVn )" -1/
<(——IQ| fQ (y)dy)( o1 f (y)~ Ve~ ’dy)

< b*(2kVn )™d.

The A, condition is therefore proved for small cubes in U’ with side length

< 28/kn.
Now suppose that S is a cube in U’ with side length 2r > 26/kn. Then

e |
<((§—;’) J»e ‘P(x)dx)(( 28) f, ww(x)_,/(,,_,)dx)p-l
< (%)mb”(fy’ w(y) dy)(fw w(y)~ /e dy)l’—l

< C since wand w™ /¢~ are integrable on V.

The result that w o € 4,(U) now follows. [

We now formulate the 4, condition for a C® compact manifold without
boundary. A word about notation: we say that (%, ¢) is a coordinate chart when £
is a coordinate neighborhood on the manifold, and ¢ is a C* coordinate map from
© to some open subset of R".

Let M be a compact C* manifold without boundary, and let {(Q;, ¢,)}%., be a
fixed finite atlas for M. If w is a nonnegative function on M, then w € 4,(M) if
wod, '€ A@Q)fori=12 ...k
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THEOREM 4.2. The definition of A,(M) is independent of the particular atlas
{(@;, Yoy That is, w € A, (M) if and only if w o ¢~ € A(KK)) for any coordi-
nate chart (R, ¢).

PROOF. One implication is obvious; so we shall assume that w € A,(M) and that
(2, ¢) is a randomly chosen coordinate chart. Suppose U cC (), and let Q be a
cube in U. Since cl(U), the closure of U, is contained in U ; ¢(£; N ), we can pick
open sets W, in R” such that W, cC ¢(&; N Q) and cl(U) c U; W,. When
{W,}*_, is regarded as a covering of cl(U), it has a Lebesgue number, /. If Q has
diameter </, then it lies entirely inside W, for some i. Since ¢, > ¢~ ! is a
diffeomorphism between $(22 N Q) and ¢,(R N ©,), and since W; cC (2 N Q)),
the last lemma shows that the 4, condition holds for all cubes with diameter < /.

On the other hand, if Q is a cube inside U with diameter > / then

e &
TR
(3

° _—I
> L,°¢—n(m)w %, dy) |

k pP—
. o p-11"1/C-D
(E f‘»,-o«»"(m[w ¢l dy)

i=1
i=1

<C. O

Having fixed the particular atlas {(£;, ¢;)}, we now choose a nonnegative C*
partition of unity, {7,}, subordinate to this atlas. If w € 4,(M) is restricted to &,
we can regard it as a function in A4,(¢,(2,)). Similarly, if f is a function defined on
M, we will consider 7.f as a function with compact support defined in R”. We say
that f € LP(M, w dx) if 7.f € LP($(RQ,;), w dx) for each i. The norm on
LP(M, w dx) is given by

e = (i M n-""ﬂli’)l/p,

where the norms on the right side are given by
y » 1/p
T fl|, = | f'w dx) .
Iy = ([, o0

A standard argument shows that the norms given by different atlases and different
partitions of unity are all equivalent and define the same topology on L?(M, w dx).

We recall that a pseudodifferential operator can be defined on the manifold M
by prescribing the action of the operator on functions supported in a coordinate
patch. The operator 4 is said to be of order m if in each coordinate patch @ we can
write Au(x) = [ d(€)a(x, §e*™* d¢, with a(x, £) a symbol of order m, whenever
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x € Q and u is a function supported in Q. By using a partition of unity subordinate
to the covering by coordinate charts, we can extend the definition of 4 to all
functions in C*®(M). (See, e.g., [7].)

The next theorem allows us to localize the estimates of Theorem 2.12.

THEOREM 4.3. Suppose U is a bounded open subset of R", and let w € A,(U). If
V «C U and if A is a pseudodifferential operator of order 0, then A: LP(V, w dx) —
LP(V, w dx) boundedly.

PROOF. Since ¥ cC U, we can cover V with a finite number of cubes {Q,}%_,
such that Q, cC U. By introducing a partition of unity subordinate to these cubes,
we need only show that A: LP(Q;, wdx)— LP(Q, wdx) boundedly for i =
1,2,...,k.

So we choose one of the cubes Q and, by translating it in the directions of its
edges, we decompose R” into a mesh of cubes the same size as 0, whose interiors
are disjoint, and whose sides are parallel to those of Q.

The next step is to extend the function w from Q to the rest of R”. We do this by
reflecting the values of w through the sides of Q into its adjacent cubes, continuing
in this way so that the values of w in cubes sharing a common face match up along
that face. The resulting function w’ lies in 4,(R"), and has an 4, constant no more
than 3" times the 4,(}) constant for w.

The rest is easy, since if u is supported in Q, then

[4ullp.o < || Aulp,r" < Cllullp.rm = Cllu]lp.0

where the first and last norms are in L?(Q, w dx) and the middle two are in
LP(R", w dx). O

COROLLARY 4.4. If A is a pseudodifferential operator of order 0, and w € A,(M),
then A: L?(M, w dx) —» L?(M, w dx) boundedly.

ProOF. Use a partition of unity subordinate to a coordinate covering of M. []J

Now we can define L?(M, w dx), the Sobolev potential space of order s on the
manifold M. Let E, be an invertible elliptic pseudodifferential operator of order s
defined on C*(M). LP(M, w dx) is the set of all distributions f defined on C*(M)
such that E,f € LP(M, w dx). We define a norm on this space by || f||,, = || E/f|l,-

At first glance, it seems as if L?(M, w dx) depends on the choice of E,, but this is
not so. For suppose that E is another invertible elliptic pseudodifferential operator
of order s. Then

Wles =NEA, =|E.E~"Eff,, < CIEfp,

since E,E ! is a pseudodifferential operator of order 0, and hence bounded on
L?P(M, w dx). The norms defined by different E’s are therefore all equivalent.

By introducing a partition of unity, covering coordinate patches in R" with
cubes, and extending w from the cubes to all of R" as in the proof of the last
theorem, we can transfer all the results stated in §3 to L?(M, w dx). We list some
of these results in our last theorem.
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THEOREM 4.5. Let M be a compact C* manifold without boundary, and let
w € A,(M).

(a) The spaces LF(M, w dx) are Banach spaces.

(b)If s > t then LY C LF and || fll,, < ClIfll,s

(c) Suppose A is a pseudodifferential operator of order m < s. Then A: Lf — Lf_,,
boundedly .

(d) If A is an elliptic pseudodifferential operator of order m, and 0 < m < s, then
there is a constant C, > 0 such that

"u"va < Cs("Au”p,:—m + "u”p)’ ue Lf'

(e) Suppose k is a positive integer. The space LI(M,w dx) coincides with the
subspace of functions in LP(M, w dx) having distributional derivatives of all orders
< kin L?(M, w dx) in any coordinate system.

(f) Suppose that w € A, (M) for some q satisfying 1 <q <p(n — 1)/n. If s >
nq/p, then every function in LE(M, w dx) is continuous.
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